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A FAMILY OF RAMANUJAN-ORR FORMULAS FOR l/vr 


JESUS GUILLERA 


Abstract. We use a variant of Wan’s method to prove two Ramanujan-Orr type 
formulas for I/tt. This variant needs to know in advance the formulas for I/tt that 
we want to prove, but avoids the need of solving a system of equations. 


1. Introduction 

In [To], Wan gives a method to derive a formula for l/vr from each identity of type 

(1) G{x) = \K(a{x))K(b(x)), 

where G is analytic near the origin, and K is the complete elliptic integral of the 
hrst kind. The method uses only transformations of K, see [9| or [21 Chap. 19-20] 
for those of higher degree, and the following Legendre’s identity: 

(2) - K{y/r^)K{y/l - ro) -b K{^)E{y/l - tq) -b E{^)K{y/l - tq) = 

where E is the complete elliptic integral of the second kind [3]. The aim of this 
short paper is to show a variant of his method which we can use when we know 
in advance the formula for l/vr that we want to prove (or disprove). This variant 
avoids the need of solving a system of equations, because we apply the method via 
translation [m. This is simpler and faster. For example, suppose that the formula 


( 3 ) 




+ P2 



+ P3 



G = 


1 

TT 


where po) Pii P 2 -, Ps are known constants, holds at x = Xq. The translation consist 
in applying the same operator to the right side of ([I]). Then, if a(xo) and b{xo) are 
complementary arguments of K, the action of the operator provides a proof of the 
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identity if we take into acconnt the Legendre’s identity. The following factorization: 


°° (1^) (1±£) (l-l) 

^ ^ \2/nV 2 / n \ 2 / n \ _ 2 / n yti _ 


n=0 




E 


(s)„(l - s)n [I - \/l-y + \/^ 


( 1 ) 


•E 


('S)n(l 'S)r 


( 1 ) 


V^-y-V^ 


n=0 \ /n \ / n=0 

(see P eq. 7.5.1.9], and |1] for a proof of it) is of type ([I]) for the valnes s = 1/2, 
s = 1/4, s = 1/3, s = 1/6. Another Orr-type factorization was nsed in [101 Sect. 4]. 

2. Wan’s method via translation 

In this section we prove two conples of Ramannjan-Orr type formnlas applying 
Wan’s method via translation. 

2.1. Example 1. Leting s = 1/4 and making y = — lY/{2x — 1)^ in (jl]), 

we have 


(8) E 




n=0 




(21-- 1)2 


E 


n=0 


(i)„ (I) 

(1);; 


—x^ 


E 

n=0 


(i)„ (!), 


( 1 ); 


X 


2a;- 1 


Applying the qnadratic transformation 

( 6 ) 


E 

n=0 


d)„(!) 


( 1 ): 


ILjX _ 


\/i + 


E 






1 + Vx 


. E 


(il 


n^n 


= -K (^/^) , 

TT ^ ^ 


to the two snms in the right side of ([S]), we get 

^ (|)„ (|)„ (i)„ (|)„ /-4a;2(a; - 1)^^ 

where 


n=0 


(l).(l) 


/(^) = 


(2a;- 1)2 
oK 


= f{x)f 


X 

2x-l 


2W \ 
i+ys J 


\/l + 


T a/ I + a/X 

The argnments of the two elliptic integrals are complementary at 




2/0 = 


-4xl(xo - ly _ 192 


2401’ 


ro = 


2v^ _ 1 Vs . 

1 + yTo 2 6 


(2x0 - 1)2 

This snggest that there exist formulas for l/vr with yo = 192/2401. Inspired by this, 
using the PSLQ algorithm, we have discovered the following ones: 


OO / 1 


(8) 


E 

71=0 


(!)„(§)„ (i)„(i)„ f 192 376,12 + 216,1+ 16 98^ 




2401 




2n + 1 


Ovr 
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and 

(70668^3 - 9216^2 + 1428n + 90) 

TT 

Hence, we can use Wan’s method [10] to prove identity ([9j). However, due to the 
fact that we already know the formula that we want to prove (thanks to the PSLQ 
algorithm), we do not need constructing a system of equations. Instead, we will use 
the method via translation im ; see [B] for another application of translation. 

Theorem 2.1. Formula ^ is true. 


2M^/^ 


(9) E 




n=0 




2401 J 


Proof. First, by applying the operator 


( 10 ) 


d 


dy 


90 + 1428 \y^]- 9216 \y^] + 70668 y— 


d 


dy 


d 


dy 


y=yo 


to the left side of ([7j), we obtain 


OO /I 


( 11 ) 


E 

n=0 




®„(i) 


192 


■V 


2401/ 


(70668ni - + 142871 + 90). 


Then, applying the same operator, but written as 

2 


(12) 90 + 1428 

y' dx 


9216 ( 

y' dx 


+ 70668 





X=X0 


to the right side of ([7]), we obtain 
(13) 

(- /f(VU)A'(Vr^) + if(VU)B(A^) + B(VU)if(A^)). 

This was done automatically using the following Maple code: 


proof:=proc() 

local x0,y,w,f,g,prl,pr,K; K:=x->EllipticK(x); 
y:=x->-4*x''2*(x-l)~2/(2*x-l)''2; w: =x->y(x)/diff (y(x) ,x) ; 
f:=x->2/Pi*K(sqrt(2*sqrt(x)/(1+sqrt(x))))/sqrt(1+sqrt(x)); 
xO:=l/49*(l+4*sqrt(3)*I); g:=x->f(x)*f(x/(2*x-l)); 
prl:=subs(x=x0,90*g(x)+1428*w(x)*diff(g(x),x) 
-9216*w(x)*diff(w(x)*diff(g(x),x),x) 

+70688*w(x)*diff(w(x)*diff(w(x)*diff(g(x),x),x),x)); 
pr:=combine(simplify(combine(simplify(expand( 
simplify(evalc(simplify(prl))))),radical)).radical); 
return pr; 
end: 


Copy and paste this code in a Maple session. Executing the procedure proof (); 
gives the output flTBD . Finally, taking into account the Legendre’s identity ([2]), 
formula (E]) follows. □ 
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The following theorem implies that the formulas ([8]) and ([9j) are equivalent. 
Theorem 2.2. The identity 

s{s^ — l)(s — 2) + 4(1 + 2s — 2s^)n + 8(1 + s — s^)n^ 




n=0 


2n + I 


(14) 


8(1 — Z) n 2 

+ 12n^ 


= 0 , 


where 


B{n, s) 


(!)„ (¥)„(¥)„(! 





holds. 

Proof. We can prove it automatically by computer [7] writing in a Maple session 


withCSumTools[Hypergeometric]): 
print(op=Zeilberger(v(n,s),s,n,S)[1]): 
w:=(n,s)->subs({p=n,q=s},Zeilberger(v(p,q),q,p,S)[2]): 
print(w0=w(0,s)); 

where v(n,s) is the function inside the sum of flTTjl . and S is the operator such that 
S v(n,s) = v(n,s+l). The output op=l (independent of S), means that 

1 v(n,s)=v(n,s)=w(n+l,s)-w(n,s). 

Then, as w(0,s)=0, identity flTT)) is due to telescoping cancelation when we sum for 
n > 0. □ 

Remark 2.3. It is possible to check the proof of ([8]) and ([9]) in a completely auto¬ 
matic way because a computer can verify that: 

(1) Both sides of (jT]) satisfy the same differential equation. 

(2) The action of the operator ffTOj) to the left side of ([7]) gives flTT]) . This is 
trivial, even for human. 

(3) The action of the operator flT2|) to the right side of ([7]) gives 03. See the 
procedure proof (). 

(4) Identity (ITT)) is true (see the Maple code above). 

Observe that these steps are elementary in the sense that they do not require the 
use of modular functions. Observe in addition that the value of r, such that 


= -2ir, q = 

corresponds to the value of ro of the above proof, is not a quadratic irrational (in 
fact it seems to be transcendent). 
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2.2. Example 2. Letting s = 1/4 and replacing x with x/{x — 1) in ([5]), we have 


OO /I 


(15) E 




n=0 


5)„(1)( 


E 

n=0 


— 1)2 

(!)„(!)„ 


( 1 ); 


X 


X — 1 


-sp (Dn (D 

^ (1).^ 


n=0 


X 


X + 1 


Then, using the known transformation 

X 


OO .S') 


E 


( 1 ); 


X — 1 




OO (1\2 

2 ^- il-1^ 


n=0 \ yn \ / n=0 

and the quadratic transformations (jS]) and 




1 _ 1 

2 2 


X 


K{x) = 


-K 




1 + X \l + a:/ 


we deduce that 

n=0 


(16) E 


(i)„(l) 


—4a;2 


(a;2 — 1)2 
— X 


-.K 


where 


2v5M 

vr2 (1 + g{x))^yi + h{xy^ yi + g{x) 

h{x) = 


K 


2h{x) 


1 + h{x) I 


s('t) = a/1 - 


X 


X + 1 


The arguments of the elliptic K integrals in ffTHjl are complementary at 


Xq = 


85\/4l-529 
128 ’ 


U4 


yo = 


234 


128 


To = 


2h{xo) 33 - 5\/4T 


1 + h{xo) 


where y{x) = —4x^/(x2 — 1)2. This suggest that there exist formulas for l/vr with 
yo = —2^^ ■ 23~^. With the help of the PSLQ algorithm we have found 


OO / 1 ' 


(17) 


E 

n=0 


(5)„(i)„(l)„(i)„ /-2“V 6970n= + 4037n + 280 x/23 


l)„(l)i 


234 


529(2n + 1) 


37r ’ 


and the contiguous formula 
(18) 

(!)„(§)„ (i)„(5)„ /-2“‘V-296225#-24576n2 + 53002n +4200 _ 


E 

n=0 


Q)n(l) 


234 


3174 


TT 


Theorem 2.4. Formulas (17) and / fl^) are true. 
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Proof. First, we apply the operator 

(19) 4200 + 53002 “ 24576 ^2/^^ “ 296225 (^2/^^ 

to the left side of ffTHjl . Then, we use the Maple code 
proof:=proc() 

local xO,y,w,g,h,f,prl,pr,prr,K; K:=x->EllipticK(x); 
y:=x->-4*x~2/(x''2-l)~2; w: =x->y(x)/dif f (y(x) ,x); 
xO:=-529/128+85/128*sqrt(41); 

g:=x->sqrt(l/2-l/2*sqrt(l-x)); h:=x->sqrt(x/(x+1)); 
f:=x->4/Pi~2*(1-x)~(1/4)*1/((l+g(x))*sqrt(l+h(x))) 
*K(2*sqrt(g(x))/(l+g(x)))*K(sqrt(2*h(x)/(l+h(x)))); 
pr1:=subs(x=xO,4200*f(x)+53002*w(x)*diff(f(x),x) 

-24576*w(x)*diff(w(x)*diff(f(x),x),x) 

-296225*w(x)*diff(w(x)*diff(w(x)*diff(f(x),x),x),x)); 
pr:=simplify(combine(simplify(expand(simplify(evalc( 
simplify(prl))))),radical)); 

prr:=simplify(radnormal(combine(radnormal(pr).radical))); 
return prr; 
end: 

to apply the same operator, but written as 

(20) 4200 + 53002 - 24576 - 296225 

\y' ax J \y' ax J \y' ax 

to the right side of flTB]) . Executing the procedure and using the Legendre’s identity, 
we prove m, and from it we deduce (ITT)) by using the identity (ITT)) . □ 



3. Ramanujan-Orr type formulas and the PSLQ algorithm 


By the PSLQ algorithm we have discovered the formulas 


( 21 ) 


+ (?)„(§)„ (I)„(l)„ 1 1920n^ + 1072n + 55 

+ (i)„(l)?. 2„+l 


and 

( 22 ) 


+ (l)„(i)„(i)„(i)„ /3\°" 133n^ + 79n + 6 

+ (i)„(l)5 L) 2„+l 


196\/7 

37r 


625 


Hence, we believe that it should be possible to prove fl2T|) and fl22l) from (jl]), with 
s = 1/4 and s = 1/3 respectively. In addition we hnd curious that these formulas 
look similar to the following challenging series for l/vr^: 


(23) 


E 

71=0 


(Dll (Du (Dll (Du (Dll 1 

(1)5 74^ 


(192071^ + 304n + 15) = 


5QV7 


TT^ 
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and 

(24) 


cx> 

E 

n=0 


(^)diUiUiua 

(1)?. 


6n 


375 

(532n2 + 126n + 9) = —. 


Formula fl2^ was conjectured in |5], and formula fl2^ is joint with G. Almkvist, and 
was conjectured in [1]. The following example of formula for l/vr: 


(25) 


Y' (i5)„(s)„(ji)„(ji)n 1 2100n" + 1160n + 63 ^ M 

b, (h„(lK 2'" 2r, + l 


is such that there is no known Orr-type factorization from which we can derive it. 

As an example of application of the PSLQ algorithm, we explain how we have 
discovered the formula ffT7|) : Let 


‘(2) = E 




n=0 


(h„(i) 


23“ / 2n + 1 


Then, looking for integer relations among the quantities 

4, ^(0)^ ^(l)^ t(2)^ t(0)t(l), t(0)t(2), t(l)t(2), 

we guess that 

^ /I Q /I Q 

--— =7056001(0)2 + 146676321 t(l? + 437228100 t(2f 

71^ 

+ 20346480 t(0)t(l) + 35128800 t(0)t(2) + 506482020 t(l)t(2). 


and taking the square root, we have 

= 3(69701(2) + 4037t(l) + 2801(0)). 

71 

This is interesting because as we have explained before, when we guess a formula 
corresponding to complementary arguments of the elliptic integrals of an Orr-type 
factorization, then it is simple to prove. 
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4. Addendum 


E 

(26) 


From [fTHll , we can arrive at 

)„(!)„(§)„ (DA 


OO /I 


(D„(i) 


4 — X 


(a;2 - If) Ti'^ -b h{x) 




where g{x) = - — -\/l — x, and h{x) = 



2h{x) 

1 -[- h{x) 


X 


X + 1 


From (12^ . and in the same way used to derive the previous formulas in this paper, 
we can prove the following “divergent” series for I/tt: 


E 

n=0 

(27) 


(D„(i)„(i)„(DA-2 


(D„(i) 


)I4\ 77 


74 


(-600 - 7518n - 24576/1^ - 18785/1^) “ = ’ 


E 

n=0 


(D„ (i)„ (i)„ (Dn t-Z'- V 120 + 1273n + 2210n= 


(D„(i) 


74 


2?7, + 1 


98\/7 

TT 

49 V7 

71 


Since these last two formulas are “divergent” their “upside-down” are convergent, 
and inspired by [1], we have guessed that 


■A (2)„(h» /-7*-600+ 751811 - 2457611^ + 18785n’ 

^(l)„(i)„(l)„(D„ ' 1^7 tv 

U, (1)„(1)S /-7*\” 120 - 127311+ 22102!^ 

' ' A(D„(i)„(l)„(D„V2“.l 7y-2„+l),i3 


2L_,(2)-1, 


L_,(2). 


A geometric interpretation (as a volume) of the arithmetical constant L_7(2) is given 
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